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Abstract. Given a warped product space R×f N with logarithmically convex warping function
f , we prove a relative isoperimetric inequality for regions bounded between a subset of a vertical
fiber and its image under an almost everywhere differentiable mapping in the horizontal direction.
In particular, given a k–dimensional region F ⊂ {b} ×N , and the horizontal graph C ⊂ R ×f N
of an almost everywhere differentiable map over F , we prove that the k–volume of C is always at
least the k–volume of the smooth constant height graph over F that traps the same (1+k)–volume
above F as C. We use this to solve a Dido problem for graphs over vertical fibers, and show that,
if the warping function is unbounded on the set of horizontal values above a vertical fiber, the
volume trapped above that fiber by a graph C is no greater than the k–volume of C times a
constant that depends only on the warping function.
1. Introduction
This paper proves a relative isoperimetric inequality for warped product spaces
with log convex warping function. The original relative isoperimetric inequality is
the solution to the classical Dido problem in the plane, which asks for the great-
est amount of area that can be enclosed by a given straight line and a connected
curve segment (of a prescribed length) whose endpoints lie on the line. The gen-
eral version of this isoperimetric problem in an n–dimensional complete and simply
connected Riemannian manifold of constant curvature has as its solution an (n− 1)–
dimensional hemisphere (e.g., [4, Theorem 18.1.3]). The connection between log
convex functions and isoperimetric inequalities appears most recently in explorations
of Euclidean space with density (e.g., [8, Corollary 4.11, Theorem 4.13], [2], [3]). The
result contained herein is most directly comparable to recent results of Kolesnikov
and Zhdanov [6], and generalizes a particular relative isoperimetric inequality for
hyperbolic 3–space [7, Section 4].
We solve an analogous problem to the Dido problem completely for these warped
product spaces, where the given fixed set is a suitable region inside of a vertical fiber
of the warped product and the free set is its image in the horizontal direction under
a (possibly discontinuous) almost everywhere differentiable function (see Section 4).
Section 2 provides definitions and Section 3 contains the statement and proof of the
main theorem.
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2. Definitions
Warped product spaces were introduced by Bishop and O’Neill [1]. Let M and N
be Riemannian manifolds of respective dimensions m and n, and let f : M → R>0 be
a smooth function. Let π : M ×N → M and η : M ×N → N denote the projections
of the product M ×N onto the factors. Then the warped product W = M ×f N is
the product manifold M ×N endowed with the Riemannian metric satisfying
||v||2W = ||π∗(v)||
2
M + f(π(p))
2||η∗(v)||
2
N
for all tangent vectors v ∈ Wp. Subsets of W of the form π
−1(b) = {b} × N and
η−1(q) = M × {q} are called vertical fibers and horizontal leaves, respectively. We
note that a warped product is a complete Riemannian manifold if and only if both
its factors are complete, and also that the horizontal leaves are totally geodesic. In
particular, the Hopf-Rinow Theorem implies that ifW is a complete warped product,
then there is always a minimal geodesic between any two points in a horizontal leaf,
and this geodesic is contained in the leaf.
We assume that W = M ×f N is a complete warped product. Let b ∈ M and let
F ⊆ {b}×N be a subset of a vertical fiber ofW . For any function g : η(F )→M , we
can define the graph of g over F as the subset of W consisting of all pairs (g(q), q),
where (b, q) ranges over F . For our purposes, we will define the graph as the same
point set, but we formulate the definition as follows. For q ∈ η(F ), let ϕq : [0, ℓ(q)]→
η−1(q) be the product of the (unit speed) parametrization of the minimal geodesic in
M from b to g(q) with the N coordinate {q}. Because horizontal leaves are totally
geodesic, this is the minimal geodesic from (b, q) to (g(q), q) in W .
Definition 2.1. With the notation above, the graph of g over F is defined to be
C := {ϕq(ℓ(q)) ∈M ×f N | (b, q) ∈ F} .
The room R enclosed by C is defined to be
R := {ϕq(t) ∈M ×f N | (b, q) ∈ F, t ∈ [0, ℓ(q)]} .
We will sometimes call C and F the ceiling and floor of the room R, respectively.
We observe that if M has points with nonempty cut locus, then the room enclosed
by the ceiling C is not necessarily well-defined. When M = R (as in Theorem 3.1),
this is not an issue. If F is k–dimensional, then the ceiling and room associated to
the graph of g over F have k–dimensional volume and (1 + k)–dimensional volume,
respectively, in the warped product. We use Volk(·) to denote k–dimensional volume.
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3. The Isoperimetric Inequality for Rooms
Theorem 3.1. Let W = R×f N be a complete (1 + n)–dimensional warped product
with logarithmically convex warping function f . Let b ∈ R, F ⊆ {b} × N ⊂ W
a piecewise smooth k–dimensional subset of finite k–volume, g : η(F ) → [b,∞) a
(possibly discontinuous) map that is differentiable almost everywhere, C the graph of
g over F and R the room enclosed by C over F . Let S be the constant height graph
over F (on the same side of F as C) whose associated room has the same (1 + k)–
dimensional volume as R. Then Volk(S) ≤ Volk(C), with equality if and only if g is
a piecewise constant map and either C = S (up to measure zero) or f is not strictly
log convex on a set of positive measure.
Remarks 3.2.
(1) Uniqueness fails in the case of equality, for example, when W is hyperbolic
n–space R ×et R
n−1, in which the vertical fibers are horospheres. Another
example is Euclidean n–space R× Rn−1.
(2) The proof of this result shows that constant height minimizes the vertical com-
ponent of area, which is a somewhat stronger result than what is given in the
statement of the theorem. Similar proof techniques, also involving average
values, have appeared in investigations of the plane with density (e.g., [5,
Proposition 4.3]).
(3) If f is increasing on [b,∞), then the result can be easily seen to hold for the
more general cases in which either C consists of two disjoint a.e. differentiable
graphs over F (with the room R equal to the region trapped between these
graphs), or C consists of three disjoint a.e. differentiable graphs over F (with
R the union of the region bounded above F by the lowest graph and the region
bounded between the other two graphs). Using induction on the number d of
disjoint graphs over F (where the corresponding number of components of R
equals (d + 1)/2 or d/2—and R does or does not intersect F—depending on
whether or not d is odd), the result can therefore be shown to hold when C
consists of any number of disjoint a.e. differentiable graphs of over F .
We can use this to show that Theorem 3.1 holds more generally, under the
increasing assumption on f . Let k equal the dimension of F , and suppose C
is any embedded (not necessarily connected) k–dimensional a.e. differentiable
subset that bounds some union of regions R over F . Here are some examples
to keep in mind:
(a) The warped productH3 = R×cosh tH
2, with F = {0}×D a disc in {0}×H2,
C ⊂ [0,∞)×D an embedded surface of any genus with circular boundary
contained in [0,∞)×∂D and R ⊂ [0,∞)×D the region bounded between
F and C.
(b) The warped product of the line and the n–sphere (0,∞)×ev(r) S
n, where
v(r) is increasing and convex, with F = {b}×Sn, C any embedded, closed,
connected a.e. differentiable n–dimensional hypersurface that intersects
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the ray [b,∞)×{p} for every p ∈ Sn and R the complement of (0, b)×Sn
in the region bounded by C that contains (0, b)× Sn.
(c) The same warped product as in (b), with C any embedded, closed a.e.
differentiable n–dimensional hypersurface contained in [b,∞)× Sn whose
image under the vertical projection is not all of {b} × Sn, F the image of
the vertical projection of C on {b} × Sn and R the region bounded by C
and disjoint from (0, b)× Sn.
(d) The same warped product and F as in (b), with C any disjoint union of
hypersurfaces as in (b) and (c).
We may partition F so that C is a disjoint union of graphs over each component
of the partition, apply Theorem 3.1 over each piece of the partition (by the
observations of the previous paragraph) and then apply the theorem again to
the resulting piecewise constant height graph over F . We have therefore shown
that the result holds for this more general notion of ceiling. It is important to
note here that Theorem 3.1 compares the area of C (this includes any area from
F obtained when C is at height zero) with the area only of the appropriate
constant height ceiling over F , and not also the area of F .
(4) Our result is similar to some recent results of Kolesnikov and Zhdanov, who
consider log convex densities on Euclidean space, rather than warping factors
of warped product spaces [6, Section 6]. One fact implied by their arguments
is that in Rn+1 = [0,∞) × Sn with the metric dr2 + (eu(r))2dΘ2 and radial
density ev(r), balls about the origin are perimeter minimizers among all balls
containing the origin, if nu′′(r) + v′′(r) ≥ 0. This fact is also implied by
Theorem 3.1 as follows. Take f(r) = ev/n+u to be the warping function on
R
n+1 = [0,∞)×Sn. Any ball containing the origin also contains a smaller ball
centered at the origin. Use the boundary of this smaller ball as the floor of a
room and the boundary of the original ball as the ceiling. The assumption on
the second derivatives of u and v implies that f is log convex. The resulting
constant height ceiling is the boundary of a ball centered at the origin with
the same volume as the original but with no greater perimeter. The metric
calculations are the same in both the warped product and density settings.
Proof of 3.1. The volume of the room R enclosed by C is given by
Volk+1(R) =
∫
(b,q)∈F
(∫ ϕq(ℓ(q))
ϕq(0)
f(h)k dh
)
dVNk ,
where dVNk is the k–volume measure on N , and dh is the line element for R. Evalu-
ating the inner integral, we can rewrite this expression as
Volk+1(R) =
∫
(b,q)∈F
(∫ ℓ(q)
0
f(π(ϕq(t)))
k dt
)
dVNk .
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The number f(π(ϕq(t))) is independent of q, since it is simply f evaluated at a point
in R at distance t from b. We will use the expression µ(t) for f(π(ϕq(t)))
k, and note
that µ is log convex. Now we define H—the height of the constant height ceiling
S—implicitly by
Volk+1(R) =
∫
(b,q)∈F
(∫ H
0
µ(t) dt
)
dVNk(3.1)
= Volk(F )
∫ H
0
µ(t) dt,
and use the integral in the above line to define the function I : R≥0 → R≥0
I(h) =
∫ h
0
µ(t) dt.
Because I is strictly increasing, it has an inverse. It is easily verified, using the log
convexity of µ, that
(3.2)
d2
dx2
(
µ ◦ I−1
)
(x) =
µ(I−1(x))µ′′(I−1(x))− (µ′(I−1(x))2
(µ(I−1(x)))3
≥ 0,
and, consequently, that the function x 7→ µ ◦ I−1(x) is convex.
We now take a step function (with values h1, h2, ..., hr) for the map q 7→ ℓ(q), and
we partition the floor F into measurable pieces F1, F2, ..., Fr so that the total volume
of the rooms Ri over the floors Fi with constant height hi ceilings Ci is equal to
Volk+1(R). Referring to 3.1, we have
Volk(F )
∫ H
0
µ(t) dt =
r∑
i=1
Volk(Fi)
∫ hi
0
µ(t) dt,
or equivalently,
(3.3) H = I−1
(
r∑
i=1
Volk(Fi)
Volk(F )
I(hi)
)
.
Applying the convexity result of 3.2 and Jensen’s inequality to the convex linear
combination in the argument of I−1 in 3.3, we have
µ(H) = µ ◦ I−1
(
r∑
i=1
Volk(Fi)
Volk(F )
I(hi)
)
≤
r∑
i=1
Volk(Fi)
Volk(F )
µ ◦ I−1(I(hi))
=
r∑
i=1
Volk(Fi)
Volk(F )
µ(hi).
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The outermost ends of the above inequality can be rewritten as in the second line
below:
Volk(S) =
∫
q∈η(F )
µ(H) dVNk(3.4)
= Volk(F )µ(H) ≤
r∑
i=1
Volk(Fi)µ(hi)
=
r∑
i=1
∫
q∈η(Fi)
µ(hi) dVNk =
r∑
i=1
Volk(Ci).
By our assumption on g, the function q 7→ ℓ(q) is differentiable almost everywhere,
and therefore, as the number of values r for the step function approximating q 7→ ℓ(q)
tends to infinity, each term Volk(Ci) at the far right above becomes a lower bound for
the area of the portion of C that lies above Fi (this is because µ(hi) = f(π(ϕx(hi)))
k
is always a lower bound for the Jacobian of q 7→ ℓ(q) at the sample point for the step
function, since the map that determines the graph C preserves the N–coordinate of
the floor F ).
In the case of equality, we have immediately that q 7→ d(b, g(q)) is locally a con-
stant map, where d denotes the metric in R, because the Jacobian of q 7→ ℓ(q) must
be equal to µ(ℓ(q)) almost everywhere (in order for the last line of 3.4 to limit to
equality as the number of step values increases). Therefore, g is locally constant.
Also, we have that the middle line of 3.4 is an equality. This implies either that µ is
not strictly convex, or that hi = H for every step function approximating q 7→ ℓ(q).
In the latter case, it is clear that C = S (up to measure zero). 3.1
We remark that with Frank Morgan we found an alternative calibration proof of
this result, which holds for any current over a given floor. Let R denote the room
over F with ceiling C, and B denote the room over F with the same volume as R
but with constant height ceiling S. Let X be the unit vector field on W = R ×f N
which flows parallel to the horizontal leaves in the positive direction from F , and let
ν denote the outward unit normal vector for a given domain in the warped product.
Finally, let dV and dA represent the volume form and the codimension 1 volume form
on W , respectively. Then we have
Volk(S)− Volk(F ) =
∫
∂B
〈X, ν〉 dA =
∫
B
divX dV
≤
∫
R
divX dV =
∫
∂R
〈X, ν〉 dA ≤ Volk(C)−Volk(F ),
where the first and last relations follow by evaluation, the second and penultimate
relations by the Divergence Theorem, and the middle relation by the logarithmic
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convexity of the warping function f . This final fact is proved as follows. The part of
B that lies above C has volume equal to the part of R that lies above S. Call these
pieces AB and AR, respectively. The remaining parts of B and R are equal, and so it
is only necessary to show that the integrand 〈X, ν〉 is greater at any point of AR than
at any point of AB. But we note that the divX is equal to the derivative of log f [1,
Lemma 7.3 (2)], and so the log convexity of f implies that divX is increasing in the
parameter for R. Since every point of AR is at a height that is at least the height of
any point of AB, the claim is proved.
4. Critical Points for Isoperimetric Functions
We conclude with a discussion of the Dido problem in the warped products we
have been considering. We consider warped products of the form R×f N with log f
(not necessarily strictly) convex, and choose an n–dimensional floor F ⊆ {0} × N ,
denoting the constant height h graph over F and the associated room by S(h) and
B(h), respectively. We assume f(0) = 1.
We have already solved the problem of maximizing the (1 + n)–volume of the
room with floor F and with ceiling n–volume A. Namely, we solve Voln(S(h)) =
Voln(F )f(h)
n = A for the value h. Assuming that f is unbounded on [0,∞) will
ensure that this equation has a solution, provided that A is sufficiently large. In this
case, because f is convex, there will be either one or two solutions to this equation,
and we take the largest resulting value of Vol1+n(B(h)). This is the maximal (1+n)–
volume room because any other ceiling over F with the given n–volume will have an
associated constant height ceiling with n–volume no greater than that of S(h), and
that therefore will enclose a room of (1 + n)–volume no greater than that of B(h).
A related question is whether or not we can, given an arbitrary ceiling C over F ,
use Voln(C) to provide an upper volume bound for the associated room R.
Theorem 4.1. Let W = R×fN be a warped product space of dimension 1+n with f
logarithmically convex. Choose a vertical fiber {0}×N and assume f(0) = 1. Suppose
R is a room over a finite n–volume floor F in this fiber and that the R–coordinate
of every point of its ceiling C is nonnegative. Then the (1 + n)–volume of R can be
bounded from above by a function of the n–volume of C if and only if f is unbounded
on [0,∞). In this case, we have Vol1+n(R) ≤ Voln(C)/ω, where ω > 0 is equal to
either the critical value corresponding to the smallest positive critical point of the
function
I(h) =
d
dh
log
(∫ h
0
f(t)n dt
)
,
or to limh→∞(nf
′/f) if I has no positive critical points.
Proof of 4.1. We observe that I(h) is the ratio of the n–volume of a constant height
h ceiling S(h) to the (1 + n)–volume of its room B(h), for any finite n–volume floor
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F ⊂ {0} ×N :
Voln(S(h))
Vol1+n(B(h))
=
Voln(F )f(h)
n
Voln(F )
∫ h
0
f(t)n dt
=
f(h)n∫ h
0
f(t)n dt
= I(h).
Now if B(h) is the constant height h room over F with the same volume as R, then
Theorem 3.1 implies
I(h) =
Voln(S(h))
Vol1+n(B(h))
≤
Voln(C)
Vol1+n(R)
.
We therefore need to show that I is bounded from below by a positive constant if
and only if f is unbounded on [0,∞). Necessity follows from the definition of I. For
sufficiency, suppose that f is unbounded on [0,∞). Then by l’Hoˆpital’s rule we have
lim
h→∞
I = lim
h→∞
nf ′/f,
and since the logarithmic derivative of fn is nondecreasing (because f is log convex
and nonconstant), we have that inf I > 0.
Now suppose that f is unbounded on [0,∞). Since I(h) tends to infinity as h
tends to zero, the observations above imply that I is always at least limh→∞ nf
′/f
if it has no critical points. If I does have critical points, then the following equation
holds at any such point:
I = nf ′/f.
It follows from the fact that nf ′/f is nondecreasing that the corresponding critical
values are nondecreasing. Any relative minimum value of I is therefore unique and
must occur at the first critical point. In addition, the two preceding equations imply
that limh→∞ nf
′/f must be no less than the critical value of this critical point. This
proves the theorem. 4.1
Finally, some notable examples illustrating the above theorem.
(1) For R×f R, with f(t) = e
t2−2 sin t, I tends to infinity and has infinitely many
critical values with one global minimum.
(2) For H3 = R×f H
2, with f(t) = cosh t, I achieves a global minimum but then
tends to a positive constant.
(3) For H2 = R×f H
1, with f(t) = cosh t, I decreases monotonically to a positive
constant.
(4) For both of the warped products R2 = R×1R and H
2 = R×e−t R, I decreases
monotonically to zero.
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